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INTRODUCTION

I this note, e disenss the use of matnix factorizanions to stabilize the namen
cal matnx pltphications and inversions necaed 1o sunulate systems of nteracthing
fernnons at low temperatures, While the essence of a stable numernical algonthm s
presented, we munly cwphasize the concepts of stabilization. A detadled desenp

tion of a ground state and finite temperature algor:thim s given elsewhere '

I order to perform o muanenieal amalanion of feyvonon svstene o more than one
dimension, it s necessary to antegrate ont the feinnon degrees of freedom. s
cndimanly requires the use of a Hubbard Strntonovich transiormation, winch ean
he either diserete? or contmuous Pl transtonmation reduees aavatenn of welf
mteracting fermons to one i whinch the fernmons mteract only wirh o tinme varvine
evternal feld determmed by the Hubhard Stratonovieh (HS) fields Simee the ol
fern now has no self interacthions, the fermmon degrees of freedom are itevated
away anabvoeallv? leaving one with aann o mtesral over the 1Y fields whieh can

b performed by NMante Carlot b bad moleendan -l)'n.’nllﬂc"«' or ampevin method

At tite temperntures all these vaethods for pedfonmy fetnnome anmillations,
tequee the matns elementy of the cqgnad time Green - fanetion

Coro o B By ! .
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diseretized i units ot the " lrotrer  paranicter A Given Goro Blankerheoler
et ald wive simple rules for updating the HS tields. for correcnng Gowhien e HS
Helds are changed, for quickly caleuiating Ger o« A== - N and tor measnnine
physical observables at nnaginary tine ~0 Unforranately, s 5 hecomes Lavee. the
watrice s needed 1o prodice Goro o become Al condimioned s the Green™ fune rion
caunot be computed reliably The reason s that s iy B mees sre mndnpaed
together. stiall-seale, tagh energy stares get huned by the e seades fow enerey
states. The high energy <tates are not losts rionhier. one formadiy calenlores Siate
detertuinants, taking differences of large seale mat oy cletents to ek ap rhe snd
seades ngh energy featares of the hand. This s o hopelessly uorsy procedure that s
intolerable for fermionic systets <ince for a typreal HS contignranion nformation
about all enecrey cides s needod to aeenrarely cotmpute the terton matnees . Coy
ventional simulit.ons ultimately fiul <anply hecinse these the anportant <nall wne
features cannot be pulled ontof B Bo, y; using cotuputers wirh finate preciaon
Recents effort<" © ot low temperature stabulization nse it eees of inereased dinen
stonn. at i substantial cost of computer e and wemory

STABILIZATION ME THODS

To protect important. small scale features preseut e the prodact of the B
trices. we take our chies from basie texts on numetieal analysis.™ The condition
number of a matrix is ronehly the tatio of the Lrgest sigalar value of the matnx
to the smallest one and represeuts an upper beand to the amplitication of errors
in matr:x multiplications. 'he realized amplitication may, i fact, be mnch less,
Multiplication of two diagonal matrices, for example, s very stable o matrer how
ill conditioned the factors may be. Meanwhile, orthogonal matrices are abso stable
multipliers since their condition number is one: there s absolutely no varnaton i
seades. Thue, orthogonal and diagonal matrices igure prommently tmomatnx factor
1zation.

Our aimn theo is to decompose il conditicned matrices by representing them
in the form UDV., where the diagonal miatrix 1) contians the diverging singnlar
values and has the large condition number e where U and Ve “satheently
well conditioned.”™ o properry which will he made more precee Tater I we choone
hoth U and V to he orthogonal, the resulting decomposttion i the sangnlar vadae
decomposition (SV D), whicliis known to he very stable Unfortunately, SV e
compositions are relatively slow to perform on s computer, so i practice we e the
modified Gram Schiudt (MGS) factonzation UDV O where U s orthogonal and 1)
s diagonal but Vois umt trangular We found the tune form a MGS decomposation
s sote cases up to 20 aes less then that for SV Fortunately, we alo fonnd
that the nmt trianenlar matnees are “aatliciently well conditioned™ o we canmaln
ply Liwge mnnbers of them i o somalations withiont destroyvime, stalahty,

I's J.‘\lnl_\' corpnite the |||m|||.-t al many atnees we 1|(‘!‘n|||~l(' the varponr, wale .
prresent llumu{_hnnt the caleulation  Tooallneararte what we nean, we i maeine
we have decomponed o partial produer of the Boocncees to the oo UV 1o
mdtinly everal more Bomatnees on the deftowe rhen wite

I Uy, i3 BUDLYY UV Uy Vv

vavine the decompeoration of the nese pavenad poosdhiet Ve, the Vomatoees nnna
be satlicrenthy well condhitioned that we canmuadopdy oy of them toeether by
we enn o do v Yo hathe sathoeomal cfor S5V Dy and vt voanenadar cbor NTGS YV
fees ' The othe acanmpton e e that the devonmpeoeation of B MU
LDV van he perbormed tabIv Tl i bt peoecabde e tor o honate e

'N'I of I‘t the 'll\"l‘-l' woales 1} R l) ale Aol .c-'|.||;||.|| 11 .l|l|.-|.-||| |..]|||”||_



The most obvious way of stabilizing a fernnome sunudation s snnply to reolace
the stranght - forward comprtation of the Green's tunetion by comiparation wheoh
hiandles decomposed matrees. One may bhald ap the decomposition tog

H- B..,. UDV

by generating successive partinl progacts i the manner desenbied abone Thenon
~tablize the maonx mnversion, we tollow the steps

G 1 -B. - B. . y.. ' r.oubpveboov e
A% l'l'll)l\'l| lly | \ 1\" '.l)’ ll’ ll' | Y

[hese steps isolate as long as possible the matriees whieh contiun rhe halk o the
scale vanations. and the il conditioned sum (U 'V b0 D mverted by tiest
decomposing and separating scales  Thus, we only ever need to aivert orthogonal,
diagonal, and tnanegular matnces, all of winelo are casy tomvert The fas tors o rhe
tinal expression in 130 can be multiplied inany order.

[t 15 useful to remark that although the effecr of the HS rranstformation wias to
reicove interactions among the fermmons. they sull wteract wirh a time dependent
external Held and that the rine dependence of ths tield reduces compritational op
tions. I the eld were time imdependent, we could rewrire (30 as

G (Lrexpt JHD Y oSS! C

vhere § s the sinlanty transformanon that diagoualizes the Haunltoman H. In
sote sense, we are “diagonalizing ” the problem, but ve are not nsing a sulanity
transforination. In (4). we also remark that the elements of (1 ¢ D) b are /01y
expt JCEE g which terms, L and expl SCEL 0, of very different seales ar
low temperatures are combined, but the effects of the small ewgenvalues of expe AHD,
the expt - 3(Ey ), ave naturally cut off by their addition to 1 so they are anable
to cortupt the mversion. Similarly, e (3). where we have prolonged the combima

fon of seales as much as possible unnl the last step, UV bents off the seales i

.

OTHER APPLICATIONS

An alternntive to the great deal of recomputation imvolved i re evadunting (3)
for many ditferent roas to use computer memory to store paetind prodocts Now, we
unagine we have the decompositions of fwo pautial produets:

B, B,, U,D,Vy

aned

B, B, vV, D, U,
'hen we can write

Gl UgD VeV, Dy,
| Ly | . ' | | .
U e T8y D Dy VgV by Ty, Y

Vo, the mvere of theall conditioned o can be tabilized by decomponane the
e then mvertmg iecmdividnal preces Beciane we hept the dawonal mann
co o on the ontades of the venmes elements of ddferent woades are added togethe
Oy o et seales off” ) s hefore 1o nnplement o, one needy o catnjinte the
decompowimions U gD Vo nnd VD0 of the poatial produer 13, By, ol
By B, a, Dom semteh ondy onceat the begimmimg o the proviam Therentter
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of a few addinional factars of B ro one partial produer asine 20 and the deletion
of these factors from the other partid prodacet by recalling a previousiy <tored pan
tal produce Wlile the memwory needs of this aleorithim are considerablel they ave

affordalble.

For caicudating sevo-temperature, equal-tine correlation tunenions, Sorella, ot al
" have shown many benetits of projecring the ground <tite ont of i rnal wavefune
ton b usmg expy - SH,

toexpt Mgy det By B4 B 3, 4 iy

Nost unportantly, botl the computer time and meinory veoguiretaents decrease quicde
readly with the deusay of particles for a tined o aad Vo Do tius projection frame

work, stabilization m the manner of 161 can be simplitied in reveral respects and s
cquuvident to what Scrvella, et ol arrive at from o chtferent contexe.

Finadly, while equal tine incasurements can always be expressed in terms of av
erages of the equal tnne Green's function Gerorc calenlations of suscepubnhities fod
other e dependent guantities reqaire matnx elemients of

Gerao7orr Be,p o Broay,Goroo

Aram wnining

B, By, - UugD,Vy

andd

B, B,,y. -V, DU,

we can caleulate an unequal tine Green's function stably by wivting

Gir 0 UpgD Vil o VoD U U LDV )
TS DYPRILE SFTRRLY § PRI VO VR § W N Vi i

Ouee agan we decompose theall conditioned sium hetore mverting 1t

STABILITY AND ACCURACY T'ESTS

Vnrtous tests were perforied to study the staimlity of these aigonthims Loth £
“toy probiems” eang random Hubbaed Stratonovich spins and i actuad sinnla
tions, Tests were performed in 32 bit, 64 bit, and 128 bice lonting pomt precision.
In testing the Green's function calealated from (3), stability requures that clements
of the Greea's function and mewsuremieats from sunulations are ivariant with ma
chine precision. We found that matnees could be propagated stably m tmaginary
time up to some 7y hefore decomposition is needed, 1y depends strongly on maodel
parameters, machme precision, and somwewhat on the HS contiguration, but it s
msensitive to the diseretization péivinneter A7 oand to the iverse tetnperature L f
Uvpreadly. my ranges from 2 to D and sets the it on A for an unstable ealealation
Lostabihity i cadenlations setyan suddenly as the nnngimary e ry between decom
prositions 18 g rensed too el

Fhere wono dithealty e posdiong, nndations wang (3) to extienie temperatures
L T00) even wath 327 bt flonting, pondt anthmetie: At sueh low temperatues
we find agreement between phyacal quantities caleabved with a louite temperatne
Bisesd oo (3) and s gronnd state algorthim based on (6) We cnn check the vesalts
from (61 st those obtianed by exact iagonnhzntion for w o sondl sy stem nned
- pentodhie Habbaad
luster wath f boattinetive aiteractnan 1 S aed dearetuntion paanmeten

free fermon vesalts for special problems For example, for

N O 1 peojertimg the viowng state fram a tnal wavetunction vives on ate donble



GECNPILLCY < e o & U ESLG adnd nearest nengliben boppit - cnep - T
st = 100, The statistical uncertiunity in the Monte Carlo rescits s Tlie st
qriotend digit i each cases At Ar o 008 we obtiun < napenygp - 01303 aand

- (';,('1 >= (L4011 Afrer extrapolating these values 1o A+ 00 we tind chiat they
agree with results from exact dingonabizations 0 4252 aad 0408 1o 1he stated pre
cistion, which, for any fimre rumuig tne, ssoset by the statisticn: Haetuntions. Tha
performance on a2 w2 cluster s rvpucal sinee stability s velatea proconls do o and
Hanultonan paratneters that et rthe band edges tae not o lattee size.

Prelitminary tests using 150wl o7 saggest they help sra Do vhe stacintiea

numertes but prebaps are ot as robust as O3

With respect 1o computational « ficieney, we remark that i meesniements! of
the antiferromagnerie stractire factor

1 IR
Sl ooy o -7 .AT' .\'I(T‘L\’(T} ’ . N
AN o
with M = N0 Dfingy g one haate temperature caiealations for the two
dinerasional, haif Slled Hubbard model at U7t = 4 ssing (3) appear 1o i seven
titmes faster at 3 = 12 than another calculation using av algorvhm vecent!, nro

posed by Hirseh' Our ethiciencey advaniege increases as the problem grows . ve
nistable (fer example, it lower temperature) shace Hur computing tines s+l os no

worse then (J; 1~ whereas the method of Hirseh seades as (371 !
We report elsewhere more extensive studies vising these technigues LIv
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The SVD decompasition proceeds by multiplying on both sides of B BUD
by orthogonal matrices; MGS mulriphies only on the neht side to orthogonal-
ize the columns. Multiplication on the left side s clearly stable since 1t only
mixes elements within the same colunn clements of the same scale. Only
right mudtiphication is tricky. For MGS, there 1s no difficulty since orthogonal-
izing a column v with respect to some column u stnnly entails replacing v
with v - atul v/ u’'u) Thus, idepenaeiit of the relative scales of u and v,
one always subtract: from v a term which 1s smaller by a factor of the direc:
tion cosine between u and v. For SVD| some “rivoting” is required 1o make
the decomposition stable.
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“Stable Matrix-Multiplici.nion Methods for the T Ow-Temperature Sunulation
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